Technical Appendix for ‘Inventories and the business cycle:

An equilibrium analysis of (S,s) policies’

Aubhik Khan and Julia K. Thomas

October 2005, revised April 2007

This technical appendix provides a more detailed description of the model and the solution method
than is in the paper. For accessibility, wherever possible, we have organized results using section and
equation numbers corresponding to those in the paper.

In section 2.2, we provide a more involved description of recursive competitive equilibrium, in-
cluding a description of the stock market. As the representative household holds the market portfolio
each period, there is no net trade in shares of firms, and the description of the stock market was
omitted from the paper for simplicity and without loss of generality. For readability, this section
is largely self-contained. In section 2.3, we include several results on intermediate and final good
firms that are used in the numerical solution of the model. As above, we have repeated some of the
text from the paper for completeness. Section 3.3 includes a complete description of the numerical

method. There, we also present results on the accuracy of the model solution method.

2.2 Competitive equilibrium with a stock market

The description of the problem of a final goods firm, and the problem of the intermediate goods
firm, is essentially unchanged from the paper. The household’s problem is restated to allow for the
buying and selling of shares in firms.

Recall that the model yields an endogenous distribution of final goods firms over inventory levels,
w:B(S) — [0,1]. The economy’s aggregate state is (z, A), where A = (K, uu) represents the endoge-
nous state vector, K is the aggregate capital stock held by intermediate goods firms, and z is their
total factor productivity. The distribution of final goods firms over inventory levels evolves according
to i’ =T, (2, A), and capital evolves according to K’ =T'i (z, A). Below, we summarize the law of
motion governing the endogenous aggregate state by A’ =T'(z, A).

The final good is the numeraire, and the aggregate state vector determines all equilibrium relative
prices. Firms employ labor at real wage w (z, A), and intermediate goods are traded at relative price
q(z,A). Next, Qj(z,A) is the price of an Arrow security that will deliver one unit of the final
good next period if 2’ = z;. Equilibrium in the asset markets requires that all firms discount future
earnings using these state-contingent prices. For ease of exposition, we suppress the arguments of all

price functions in listing the problems of firms.



Problem of a final goods firm: Let 09 (s,&; 2, A) represent the expected discounted value of
a final goods firm with current inventory stock, s, and fixed cost draw, £, given the aggregate state
(2, A). Recall that any such firm chooses whether or not to undertake active inventory adjustment
prior to production, and, contingent on that decision, the firm selects its order for intermediate goods,

Zm 7# 0. The details of this choice are reviewed below.
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Next, given its stock of intermediate goods available for production, s1, the firm chooses its employ-
ment n > 0, and future inventories, s’ > 0. This determines its production net of storage costs,
y=G(s+z,m—s,n)—os’. We state the problem facing such a firm recursively using equations (1)
- (3),

00 (s,&; 2, A) = max {—w§ + mrﬂ{lg)fs[—qu + ol (s + s 2, A)], 0 (55 2, A)} , (1)

where v! (s1;2, A) summarizes the firm’s expected discounted profits gross of current order costs,

conditional on its available stock of intermediate goods at production time:

N,
vl (s132,A) = nzr(x)}zagczo [G (s1—8,n) —os —wn+ Z; Qjv (s 2, A’)], (2)
‘7:

given the aggregate law of motion A’ =T (z, A). Finally, in equation (2), v (s'; z;, A’) represents the
expected continuation value associated with future inventories s’ if the aggregate state next period

is (zj, A’). This is the expectation of the firm’s value taken over the adjustment cost:

3
v(s;z,A):/€ 00 (s,&; 2, A) H (d€). (3)

Intermediate goods firm’s problem: Given its pre-determined capital stock, k, and the cur-
rent aggregate state, (z, A), the representative intermediate goods firm chooses current employment,

[, and its capital for the next period, k’. Its value, w (k, z, A), solves the functional equation below:

w(k,z,A):l>r(§12/x>O qzF (k1) —wl — (K — (1 - 6) k —|—ZQ] Lz, AN ] (4)

given A’ =T (z, A).

Household’s problem: The representative household owns all firms in the economy and, at the
beginning of each period, holds three types of assets. These include Arrow securities, a, and shares
in final and intermediate good firms, i; (s) and Ji;, respectively. Dividends from final goods firms

with inventory holdings s are Dy (s; z, A), and the ex-dividend price is Q} (s;z,A). The intermediate
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goods producer pays dividends D; (z, A), and its ex-dividend price is Q} (2, 4). Finally, given total
hours worked, n’, household labor income is w (z, A) n".

The sum of the value of initial wealth plus labor income is allocated across current consumption,
¢, and purchases of new securities. The latter include purchases of Arrow securities, (a})jzl, and
end-of-period shares in final goods firms, ﬂ} (s'), s’ € S, and intermediate goods firms, 7i;. The price
of a share in a final goods firm with end of period inventory holdings s’ is Q? (s'; 2z, A). Similarly, the

price of a share in the representative intermediate goods firm is QY (2, A).

N
The household chooses (c, nh, (a;-) ,ﬁ/f, ,ﬂz) to solve the problem below.
Jj=1

N
h(avﬁfaﬁi;zﬂA) = max u(c,l—nh) +ﬁzﬂ-l]h (a;‘>ﬁ/f:ﬁ;;zj"’4,) (5)
Jj=1
subject to

a +/S [Df (s;2,A) + Q} (852, A)] ﬁf (ds) + [Di (2,A) + Qzl (Zjv A)] Hi

N,
tw(z, An > c+ Y Qi(z, A)d) + / QF (552, A) iy (ds') + Q7 (2, A) 1}
S

j=1

Additional constraints on the households purchases of securities are a;- >a,7=1,...,N; //l’f (s") >a
for all s € S; and i, >a where a<0. These constraints, which prevent Ponzi schemes, do not bind

in equilibrium. Finally, the household also takes as given the evolution of the endogenous aggregate
state, A" =T (z, A).

Equilibrium: A Recursive competitive equilibrium is a set of functions, (v, T, n, s',w, 1, k', h,c,n",

(a)) 3=y A, i w, 4, (Q)) 15, Q% Q2. Q), QF, Dy, Dy, Tk, T, satisfying the following.!

1. Firm and household decisions are optimal: (a) x,, (s,&;2,A), n(s,&; 2, A) and s (s,; 2, A) solve
the problem in (1) - (3), and v (s; 2, A) is the associated value function; (b) I (k;z, A) and k' (k; 2, A)

solve the problem in (4), and w (k;z, A) is the associated value function; (c) c(a,//lf,ﬁi;z,A),

N
nh (a> ,ufa His Z, A)v (a; (a> ,ufa His %, A))]:
solve the problem in (5), and h (a, By His 2, A) is the associated value function.

X ﬁ} (s',a,ﬁf,ﬁi;z,A) where s’ € S, and i (a,ﬁf,ﬁi; z, A)

2. Markets for final goods, intermediate goods, labor and assets clear:
() €0, 11,132, A) + K (K2, 4) = (1= 0) K = [, 79 (5,62, A) H (d€) 1 (ds),

where y (5,62, 4) = G (s + 2 (5,62, 4) = ' (5,652, 4) n (5,62, 4) ) — 05 (5,652, A)
(b) S @m (5,6 2 A) H (d€) i (ds) = 2F (K1 (K 2, 4) )

(€) P (0., 112, A) = L(E 2 A) + figy g I (5,652, A) 4 (o (5,622, A)) €] H (dE) s (ds)
where x (z,,) = 1 for z,, # 0.

'To avoid additional notation, we use choice variables to denote decision rules.



(d) ZZ} (5,0, 1,152, A) = pi/ (s) for all s € S, 71, (0, , 1; 2, A) = 1, and a;- (0, p,1;2,A) =0
forj=1,...,N,.

3. Laws of motion for aggregate state variables are consistent with individual decisions:

(a) o/ (:97) = f{(s,§)|s’(s,§;z,A)€§} H (d€) pu(ds) for all S € B(S) defines I'y(z,A);
(b) K' = k' (K; 2z, A) defines 'k (2, A).

Several comments are useful here. First, the equilibrium prices at which households purchase

shares in firms are

N
Qh(s:4) = > Qs (5 A)v(s:%,T (2,4))
j=1

N
Q2 4) = Qi (z A w(K (K2, 4);2,T (2, 4)).
j=1

The household is able to diversify the idiosyncratic risk faced by final goods firms, £, as it holds a
large number of firms of each type s. Thus, the dividends and ex-dividend prices it receives for its

shares in these firms are

§
Dy (s;2,A) = /5[y(s,f;z,A)—q(z,A)xm(s,g;z,A)—w(z,A)n(s,&;z,A)]H(dﬁ)

,E ..

Q}(S;Z,A) = /5ZQJ-(z,A)vO<s’(s,§;z,A),zj,F(z,A)>H(d§).
€ j=1

Similar expressions hold for shares in the intermediate goods firm:

Di(z,A) = q(z,A)zF(K,l(K;z,A))—w(z,A)l(K;z,A)—[k’(K;z,A)—(l—é)k]
N,

Qzl('z’A) = ZQj(ZvA)w(k;l(K;Z’A);Zjvr(sz))'
j=1

Finally, the representative household holds the distribution of firms in equilibrium, and there is no
net supply of Arrow securities; a = 0, 1i; = p, and 7i; = 1. As a result, household consumption and

total hours worked may be written simply as functions of the aggregate state, C' (z, A) and N (z, A).

2.3 Firm behavior and inventory adjustment

In this section, we derive a restriction on the equilibrium price, p (z, A) using the intermediate
goods firm’s problem. Next we restate the problem faced by final goods firms for convenience, so that
we may refer to it below. Finally, we use the characterization of the inventory adjustment policy of
final goods firms to simplify the law of motion of the distribution of such firms over inventory levels.

These results are all used in the description of the numerical method in section 3.3.



Our numerical solution exploits a homogeneity property of the intermediate good producer’s value
function that is derived here. Suppressing the arguments of p, ¢ and w, recall that the value function

W solves

W (k;z,A) = r%,a’ux(p [qu (k,)+(1—0)k—K — wl] + 6%7%1/[/ (K zj,A’)). (6)

j=1

The following efficiency conditions describe the producer’s selection of employment and investment:

DoF (kD) = (A1)
N
Bzﬂ-i]’Dlw(k/;Zij,) = D. (A2)
j=1

Having assumed that F' is linearly homogenous, the producer’s decision rules for employment
and production are proportional to its capital stock; I(k; z, A) = L(z, A)k, where L (z, A) solves (A1)
given w and ¢, and z(k; z, A) = zF(1, L(z, A))k. This means that current profits, 7(z, A)k, are linear
in k, as is the firm’s value function, W (k; z, A) = w (z; A) k. Equation (A2) then implies that an

interior choice of investment places the following restriction on the equilibrium price of final output:
N

p(z, A) = B mijid (2, A) . (A3)
j=1

When (A3) is satisfied, the intermediate goods firm is indifferent to any level of k¥’ and purchases

investment equal to the final goods remaining after households’ consumption.

We now turn to final goods firms. For completeness, we reiterate several definitions from the
paper in equations (7) - (10). First, recall that VO (s,¢; 2, A) represents the reformulated expected
discounted value of a final goods firm with start-of-date inventory holdings s and fixed order cost &.

The beginning of period expected value of the firm prior to the realization of its fixed cost is
3
Visz )= [ VOl gia ) H (). ™)
3

Next, V1(s1;2, A) represents the value of entering production with inventories s;. Given this stock
available for production, the firm selects its current employment, its inventories for next period, and

hence the amount of its stock used in current production, to solve:

N,
Vi(sy;2,A) = sfg(l)(:irfé()(p[G (31 — s’,n) —wn — US,} + ﬁ;mj‘/ (s';zj,A’)>. (8)

Given the continuation value of inventories, V (s; zj, A’), equation (8) yields both the firm’s em-
ployment (in production) decision and its use of intermediate goods. Let N (s1;z, A) describe its
employment and S(s1; 2, A) its stock of intermediate goods retained for future use. Its net pro-
duction of final goods is then Y (s1;2,A) = G (s1 — S(s1;2,4),N(s1;2,A)) — 0S(s1;2,A). Thus,



we have decision rules for employment, production, and next-period inventories as functions of the
production-time stock s.

Given the middle-of-period valuation of the firm, V!, we now examine the inventory adjustment
decision made by a final goods firm entering the period with inventories s and drawing adjustment
cost £. Equations (9) - (10) describe the firm’s determination of (i) whether to place an order and

(ii) the target inventory level with which to begin the production sub-period, conditional on an order.

VO(s,&2,A) = pgs+ maX{—pwf + V%2, A), —pgs + V' (s; 2, A)} 9)
a _ _ 1.,
Vi(z,A) = gllgg( pgs1 + V= (s152, A))- (10)

Given the derivation of the target level of intermediate goods, s* (z, A), the associated value of
adjustment, V% (z, A), and the threshold adjustment cost, er (s;z,A), we can rewrite the beginning

of period expected value of a final good firm prior to the realization of its fixed delivery cost as
- 7 (s32,4)
Vi(sinA) = pas + H (€ (52 ) Ve (s A) - [ et () (A1)
3
—1—(1 —H (fT (s; z,A))) (Vl (s;2,A) — pqs),

where f;T(S%A) ¢H (d¢) is the conditional expectation of the fixed cost &.

Finally, we examine I';,, the evolution of the distribution of final goods firms. Of each group of
firms sharing a common stock s # s* at the start of the current period, fraction 1 — H(¢7(s; 2, A))
do not adjust their inventories. Thus, with some abuse of notation, u(s)[1 — H ({T(s; z, A))] firms
will begin the next period with S(s;z, A) as defined above. Those firms that either enter the period
with the current target or actively adjust to it for production, u(s*(z, A)) + [g H(fT(s; z, A)),u (ds)
in all, will move to the next period with S(s*(z, A); z, A).

Given the preceding discussion, the evolution of the distribution of final goods firms may be
described as follows. Define S~1(3; 2, A) as the production-time inventory level that gives rise to next
period inventories s in the solution to (8). For any stock s other than that arising from the target

level of production-time inventories, S™1(3; z, A) # s* (z, A),

i (3) = [1 - H(gT ($71(3; z,A)))] M(S*l('g; z,A)). (A5)

For the stock arising from the target inventory level, S71(5; z, A) = s* (2, A),

W@ = (s () + [ B (€ 52, 4) ), (A6)
3.3 Numerical method

The solution algorithm is iterative, applying one set of forecasting rules to generate decision rules

that are used in obtaining data upon which to base the next set of forecasting rules. In particular,



given I, we assume functional forms that predict next period’s endogenous state (K',m'), and the
prices p and pq, as functions of the current state, K’ = fK (z,K,m;XlK), m = fm (z, K,m; x7"),
p =D (2 K,m;x}) and pq = py (z, K, m;x}"), where x{*, x]", x/, and x}? are parameter vectors
that are determined iteratively, with [ indexing these iterations. For the class of utility functions we
use, the wage is immediate once p is specified; hence there is no need to assume a wage forecasting
function.

For any I, fK, fm, p, and pg, we solve for V on a grid of values for (s; z, K, m). Next, we simulate
the economy for T periods, recording the actual distribution of final goods firms, u,, at the start of
each period, t = 1,...,T. To determine equilibrium at each date, we begin by calculating m; using
the actual distribution, u;, and then we use r Kk and fm to specify expectations of K11 and myyq.
This determines 3 % mijw (25, Key1,meq1) and S % iV (8’5 2j, Key1,meq1) for any s'. Given the

j=1 ‘

J=1
second function, the conditional expected continuation value associated with any level of inventories,

we can determine s* (z, K, m) and ¢r (s; K, m), hence recovering the decisions of final goods firms and
thus next period’s distribution, for any values of p and gq. Given any p, the equilibrium ¢ is solved
to equate the supply of intermediate goods, z(K;z, A), to the demand generated by final goods
firms.2 The equilibrium output price, p(z, 4; XlK X7 Xf ,Xf ), is that which generates production
of the final good such that, given ¢ = ]%, the residual investment implies a level of future capital,
K1 = (1 = 96) K;+Y;— ¢4, that satisfies the restriction in (A3). Finally, (A5) and (A6) determine the
distribution of final goods firms over inventory levels for next period, p; . With the equilibrium Ky
and 1,1, we move to the next date in the simulation, again solving for equilibrium, and so forth.
Once the simulation is completed, the resulting data, (pt,ptqt,Kt,mt)thl, are used to re-estimate
(XlK, X7 Xf,qu) using OLS.

We repeat this two-step process, first solving for V' given (XZK XIS Xf , Xf q), next using our solution
for firms’ value functions to determine equilibrium decisions over a simulation, storing the equilibrium
results for (pt,ptqt,Kt,mt)thl, and then updating (Xﬁ_l,xﬁl,xfﬂ,xfj_l), until these parameters
converge. The number of partition means used to proxy for the distribution p, I, is chosen such that

agents’ forecasting rules are sufficiently accurate.

Table B1 displays the actual forecasting functions used in the baseline inventory model, based
on a 10,000 period simulation. We use a log-linear functional form for each forecasting rule that is
conditional on the level of productivity, z;, i = 1,..., N,.> In the results reported here, I = 1. This
means that, alongside z and K, only the mean of the current distribution of firms over inventory
levels, start-of-period aggregate inventory holdings, is used by agents to forecast the relevant features
of the future endogenous state. This degree of approximation would be unacceptable if it yielded

large errors in forecasts. However, table B1 shows that, for each of the two values of productivity, the

>This demand depends on the target inventory level s* (z, K, m), the start-of-period distribution of firms u(s), and

the adjustment thresholds of each firm type, 7 (s; K, m), as seen in equation (16) of the paper.
3We have tried a variety of alternatives, including adding higher-order terms and a covariance term. None of these

significantly altered the forecasts used in the model.



forecast rules for prices and both elements of the approximate state vector are extremely accurate.
The standard errors across all regressions are small, and the R?’s are high, all above 0.999.

The regressions in table B1 also offer some insight into the impact of inventories on the model,
as they provide a description of the behavior of equilibrium prices and the laws of motion for capital
and inventories. In particular, note that there is relatively little impact of inventories, mi, on the
valuation of current output, p, and on capital, K. Inventories have somewhat larger influence in

determining the price of intermediate goods and, of course, their own future level.
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